Mathematical Problems in Quantum
Mechanics
Lisbon, 2124 July 2003

CURVED QUANTUM
WAVEGUIDES WITH
COMBINED BOUNDARY
CONDITIONS

Jan KFiz

24 July 2003



J. Dittrich, J K, J. Phys. A 35 (2002), L269—275.

D. KrejCirik, J K, math-ph/0306008.

Program

1. _ ( What are QW?; Various

boundary conditions)

2. _ (Configuration space; Hamil-

tonian)

(Essential spectrum; Ex-
istence (absence) of discrete spectrum)

4. [CORCIUSIONS (Comparison with known re-

sults; Open problems)



1. Introduction

Semiconductor or metallic microstructures
of the tube like shape.

(a) small size 10 — 100 nm;
(b) high purity (e~ mean free path ~ um);
(c) crystallic structure.

Physical background:

1. J. T. Londergan, J. P. Carini, and D. P. Murdock, Binding
and scattering in 2-dimensional systems, LNP, vol. m60, Springer,
Berlin, 1999.

2. S. Datta, Electronic transport in mesoscopic systems,
Camb.Univ.Press, Cambridge, 1995.

3. P. Duclos and P. Exner, Curvature-induced bound states in
quantum waveqguides in 2 and 3 dimensions, Rev.Math.Phys. 7

(1995), 73-102.



free particle of an effective mass m™ living in
nontrivial spatial region €2
impenetrable walls: suitable b.c.

1. Dirichlet b.c. (semiconductor structures)

2. Neumann b.c. (metallic structures, acous-
tic or electromagnetic waveguides)

3. Waveguides with combined Dirichlet and
Neumann b.c. on different parts of bound-
ary

(more realistic models allow for quantum tunneling)
Mathematical point of view: spectrum of —A

(R?/(2m*) = 1) acting in the Hilbert space
L2(£2)



&

2. Preliminaries

MR — R?
vi=(-%r1h)
k= det(l,IN)

Qo =R x (0,d)

. C? infinite plane curve
. unit normal vector field
... Ssigned curvature

... Straight strip of width d

L£:R? > R?: {(s, u) — I(s)+uv(s)}

Q= ,C(Qo)

k+ = max{0, £k}

o= /Rﬁ:(s)ds

. curved strip along I

...bending angle



Assumptions : ¢ 2 is not self — intersecting
o k€ LP(R), dllrq|lpom) <1

L:Qp— Q ... Cl-diffeomorphism;
£~1 defines natural coordinates (s, u)

K(s)>0
— ... Dirichlet b.c. —...Neumann b.cC.

Hilbert space: L2(2) — L2(2g, (1—uk(s))duds)

unique s.-a. operator, whose quadratic form is

oo Fpo
A 0ds 0s v
QY. p) = /Qo (1 —uk) + ou Ou

(1 —uk) | duds

DomQ := {w,b = Wl’Q(QO)W(s, 0) = O}



associated operator: H
€ C3(R) = Laplace—Beltrami operator

1 UK
- 92, — ds — 02 9
(1 —uk)2 %% (1 —ukr)3 " wu + 1—uk)

operator domain Dom H
{¥ € W22(Q0)[1(s,0) = 0, 0utp(s,d) = 0}

K

3. Energy spectrum

7'('2
im k(s) =0 = oess(H) = [4—612,oo>

|s| =00

PROOF: 1. D-N Bracketing.

2. Generalized Weyl! criterion.

Y. Dermenjian, M. Durand, and V. Iftimie, Commun.
Differential Equations 23 (1998), no. 1&2, 141-169.
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(i) Assume k Z 0. If one of

(a) k€ LY(R) and a < 0

(b) x_ #0 and d is small enough
is satisfied then info(H) < Z—dQQ.

. , 2
(ii) If k. =0 then info(H) > I—dQ.

a<0 a>0

— Fo(—1d)

PROOF: Existence - variationally.
Absence - Vi) € Dom Q' -

2
QHNIW] — 12I1¥l r2(0g.40) = O- (]

Assume lim,_, x(s) = 0. Then
(i) = H has an isolated eigenvalue;
(i) == oqgisc(H) = 0.



_Assumeﬁ;géo SUDDKJC[ s0, 50],

(8%
a < 0. Then InfO‘(H)<4d2 C(—) :

T

Remarks: .
1. Dirichlet b.c. = info(H) < d—2 - C( )

2. mildly curved strips Dirichlet strips: {F5}5>0
K3 :=[3/<:::> ag = B
info(H) =5 — Cp* + 0(6%).

3. thin strips2
Combined: /= —info(H) = —57- + O(d—1/2)

4d2
Dirichlet: T mfa(H)>Co() + O(d)

Exact asymptotic = d—2 —info(H) = -\ 4+ O(d),
A ... l.eigenvalue —d?/(ds?) — k°/4

P. Duclos and P. Exner, Rev. Math. Phys. 7 (1995), 73—-102.



4. Conclusions

Assume only asymptotically straight strips.
Dirichlet b.c.: kK Z 0 = ogisc(H) #= 0.

P. Exner and P. Seba, J.Math.Phys.30 (1989), 2574—2580.

J. Goldstone and R. L. Jaffe, Phys.Rev.B 45 (1992), 14100—-14107.
Neumann b.c.: ogisc(H) = 0.

Combined b.c.: existence of ogjsc depends on k.

more complicated combination of b.c.
higher dimensions

b.c. ayp + by =0
nature of essential spectrum



