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1. Introduction

What are quantum waveguides?

Semiconductor or metallic microstructures

of the tube like shape.

(a) small size 10 − 100 nm;

(b) high purity (e− mean free path ∼ µm);

(c) crystallic structure.

Physical background:

1. J. T. Londergan, J. P. Carini, and D. P. Murdock, Binding

and scattering in 2-dimensional systems, LNP, vol. m60, Springer,

Berlin, 1999.

2. S. Datta, Electronic transport in mesoscopic systems,

Camb.Univ.Press, Cambridge, 1995.

3. P. Duclos and P. Exner, Curvature-induced bound states in

quantum waveguides in 2 and 3 dimensions, Rev.Math.Phys. 7

(1995), 73–102.



Our model

free particle of an effective mass m∗ living in

nontrivial spatial region Ω

impenetrable walls: suitable b.c.

1. Dirichlet b.c. (semiconductor structures)

2. Neumann b.c. (metallic structures, acous-

tic or electromagnetic waveguides)

3. Waveguides with combined Dirichlet and

Neumann b.c. on different parts of bound-

ary

(more realistic models allow for quantum tunneling)

Mathematical point of view: spectrum of −�
(�2/(2m∗) = 1) acting in the Hilbert space

L2(Ω)



2. Preliminaries

Configuration space

� Γ : R → R
2 . . . C2 infinite plane curve

� ν := (−Γ̇2, Γ̇1) . . . unit normal vector field

� κ := det(Γ̇, Γ̈) . . . signed curvature

� Ω0 := R × (0, d) . . . straight strip of width d

� L : R
2 → R

2 : {(s, u) �→ Γ(s) + uν(s)}

� Ω := L(Ω0) . . . curved strip along Γ

� κ± := max{0,±κ}

� α :=
∫
R

κ(s)ds . . .bending angle



Assumptions : � Ω is not self − intersecting

� κ ∈ L∞(R), d‖κ+‖L∞(R) < 1

L : Ω0 → Ω . . . C1-diffeomorphism;
L−1 defines natural coordinates (s, u)

�

�

s

u

�(s)<0
d

�(s)>0

. . .Dirichlet b.c. . . .Neumann b.c.

Hilbert space: L2(Ω) → L2(Ω0, (1−uκ(s))du ds)

Hamiltonian

unique s.-a. operator, whose quadratic form is

Q(ψ,ϕ) :=
∫
Ω0


 ∂ψ

∂s
∂ϕ
∂s

(1 − uκ)
+
∂ψ

∂u

∂ϕ

∂u
(1 − uκ)


 duds

DomQ :=
{
ψ ∈W1,2(Ω0)|ψ(s,0) = 0

}



associated operator: H

Γ ∈ C3(R) =⇒ Laplace–Beltrami operator

− 1

(1 − uκ)2
∂2
ss −

uκ̇

(1 − uκ)3
∂s − ∂2

uu +
κ

1 − uκ)
∂u

operator domain DomH{
ψ ∈W2,2(Ω0)|ψ(s,0) = 0, ∂uψ(s, d) = 0

}

3. Energy spectrum

Essential spectrum

Theorem:

lim
|s|→∞

κ(s) = 0 =⇒ σess(H) =

[
π2

4d2
,∞

)

PROOF: 1. D-N Bracketing.
2. Generalized Weyl criterion.

Y. Dermenjian, M. Durand, and V. Iftimie, Commun. in Partial

Differential Equations 23 (1998), no. 1&2, 141–169.



Discrete spectrum

Theorem:
(i) Assume κ �≡ 0. If one of
(i) (a) κ ∈ L1(R) and α ≤ 0
(i) (b) κ− �≡ 0 and d is small enough

is satisfied then inf σ(H) < π2

4d2
.

(ii) If κ− ≡ 0 then inf σ(H) ≥ π2

4d2
.

�

� ��( Id)

s

s

u

u

� < 0 � > 0

PROOF: Existence - variationally.
Absence - ∀ψ ∈ DomQκDN :

QκDN [ψ] − π2

4d2
‖ψ‖L2(Ω0,dΩ) ≥ 0.

Corollary: Assume lim|s|→∞ κ(s) = 0. Then
(i) =⇒ H has an isolated eigenvalue;
(ii) =⇒ σdisc(H) = ∅.



Some properties of discrete eigenvalues

Proposition: Assume κ �≡ 0, suppκ ⊂ [−s0, s0],
α ≤ 0. Then inf σ(H) ≤ π2

4d2
− C

(
α
π

)2
.

Remarks:

1. Dirichlet b.c. =⇒ inf σ(H) ≤ π2

d2
− C̃

(
α
π

)4

2. mildly curved strips Dirichlet strips: {Γβ}β>0

κβ := βκ =⇒ αβ = βα

inf σ(H) = π2

d2
− Ĉβ4 + O(β5).

3. thin strips

Combined: π2

4d2
− inf σ(H) ≥ − α

2ds0
+ O(d−1/2)

Dirichlet: id π2

d2
− inf σ(H) ≥ C̃0

(
α
π

)4
+ O(d)

Exact asymptotic π2

d2
− inf σ(H) = −λ+ O(d),

λ . . . 1.eigenvalue −d2/(ds2) − κ2/4

P. Duclos and P. Exner, Rev. Math. Phys. 7 (1995), 73–102.



4. Conclusions

Comparison with known results

Assume only asymptotically straight strips.

Dirichlet b.c.: κ �≡ 0 =⇒ σdisc(H) �= ∅.
P. Exner and P. Šeba, J.Math.Phys.30 (1989), 2574–2580.

J. Goldstone and R. L. Jaffe, Phys.Rev.B 45 (1992), 14100–14107.

Neumann b.c.: σdisc(H) = ∅.
Combined b.c.: existence of σdisc depends on κ.

Open problems

more complicated combination of b.c.

higher dimensions

b.c. aψ+ b∂νψ = 0

nature of essential spectrum


