PT —supersymmetric partner of a short-range square well
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In a box of size L, a spatially antisymmetric square-well potential of a purely imaginary
strength ig and size ¢ < L is interpreted as an initial element of the SUSY hierarchy of
solvable Hamiltonians, the energies of which are all real at £ < fmax(g) < L. The first
partner potential is constructed in closed form and discussed.
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1 Introduction

The technically slightly complicated but quantum-mechanically straightforward
solution of the one-dimensional and P7 —symmetric Schrodinger equation

dx?

d2
|:—+V(SU)—D0:| ¢n(m) :Enwn(x), n=12,... (1)

with the Dirichlet boundary conditions ¥ (+L) = 0 and with the purely imaginary
V(z) may be found elsewhere [1, 2, 3]. Here, such a model with real spectrum and

0 L> >
V(z) = V(+)(33) =9 . . for ]
igsignz, g>0 x| <1,

will be considered factorized and complemented by another, similar model,

> _ _
— VN (z) =Dy = AA= H, Ad=——s + V) (z) = Dy = H)

where the well known operators and identities are employed,

d _ d
A:@+W(a:), A:_@+W(x)7 VE —Dy=W2FW'. (2)
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By symbols 1/),(l+)(:c) (resp. wﬁl—)(:c)), n =0, 1, 2, ...we denote the wave functions
of H) (resp. H (’)) and have the so called unbroken-supersymmetry condition
Awé+)(x) = 0 of the Witten’s superymmetric quantum mechanics (SUSY QM,
[4]). As long as the latter formalism usually does not work with non-Hermitian
operators, we believe that both the construction and some unusual properties of
the partner potential V(=) (z) deserve an explicit description.

2 The PT —symmetric SUSY partner potential V(=) (z)

The purpose of the present section is to construct and study the SUSY partner
H) of the square-well Hamiltonian H) in the physically-relevant unbroken P7 -
symmetry regime, corresponding to g < g.(I) of ref. [1].

2.1 The determination of the parameters

Let us denote the four regions —L <z < -, - I <2< 0,0<z<,I<zxz <L
by L2, L1, R1, R2, respectively. Identifying V) with our square-well potential
above, i.e., VL(;F) () =0, VL(1+)(a:) = —ig, Vlg)(a:) = ig, V(Jr)(x) = 0 we may set
Dy = k¢ = t3 — s2 = —kZ + ig and obtain for the superpotential and the partner
potential the respective formulae

Wia(z) = ko tan[ko(z + z12)]
W= 1 ) ite oo
Wra(x) = ko tan[ko(z — xRgo)]
and VLEQ_z (z) = 2kE sec?[ko(z + 712)]
(x) = =2k sech?[kE (x + 21| — i
V) = Z}Z?)EI; = zng SeCh};[IEJO(E.’(E erRLl)])]Jr igg @

Vi (@) = 2k2 sec?[ko(x — zRo)]
Here x5, 11, xr1 and xro denote four integration constants. We choose

Vi ™
$L2=L+27:0, TRy = L—% (3)

to ensure that VL(;) and Vlgg) blow up at the end points x = —L and z = L. This
is in tune with [5]. We thus get

Vi (@) = 2k esc®lko(w + L)) Vi) (@) = 2k2 es®[ko(z — L)]. (4)

Observe that for the superpotential, Wra(x) and Wgra(z) also blow up at these
points:

Wia(x) = —ko cot[ko(x + L)] Wra(z) = —ko cot[ko(x — L)]. (5)
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Due to the unbroken-SUSY condition the ground-state wavefunction of H(*) is

Uoma(e) = wopy (—w) = AG sinfko(L — )], (6)
(+) N O PR (D) o
Yor1 () = gy (—x) = By cosh(kox) + i oy sinh(kox). (7)

The unbroken-supersymmetry condition is satisfied due to the choice made for the
integration constants xge, 12 in equation (3). In the region R1 we find a condition
fixing the value of xR,

3 iC’éH ko cot[ko(L — )] coth(kol) + ko
nolB(()+) ko cot[ko(L — 1)] + ko coth(kol)

tanh(kozg1) =

(8)

where in the last step we used ref. [1]. A similar relation applies in L1, thus leading
to the result

Tp1=Thy (9)
Note that in contrast with the real integration constants xrs, T2, the constants

xr1 and zp1 are complex. Separating both sides of equation (8) into a real and an
imaginary part, we obtain the two equations

sinh X cosh X NT”
2 . 12 ) = 5 (10)
cosh® X cos? Y + sinh” X sin“Y D
sinY cosY B ﬂ (11)
cosh? X cos? Y + sinh? X sin’yY D

where we have used the decompositions kg = sg + itg, Tr1 = 2; + imé;i17 KoTRL =
X +1iY, implying that

X = 502’ — Lo Y = tox'hy + S0t (12)

and we have defined
N" = {—s2 cos[2ko(L — 1)] + 12} sinh(2s0l) + koso sin[2ko(L — 1)] cosh(2s0l) (13)
N® = {82 — 12 cos[2ko(L — 1)]} sin(2tol) — koto sin[2ko(L — 1)] cos(2tol) (14)

D = {—stcos[2ko(L —1)] + t3} cosh(2sl) + {s3 — 13 cos[2ko(L — 1)]} cos(2tol)

+ ko sin[2ko (L — 1)][so sinh(2s0l) + to sin(2tol)]. (15)
Equations (10) and (11), when solved numerically, furnish the values of both the
parameters z’;; and z%,. One may also observe that the resulting superpoten-

tial W(—2) = —W*(z) and partner potential V(=)(—z) = V{=)*(z) are PT-
antisymmetric and P7-symmetric, respectively.
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2.2 Eigenfunctions in the partner potential

On exploiting the SUSY intertwining relations, the eigenfunctions w,(f)(x)7 n =0,

1,2, ..., of H) can be obtained by acting with A on 1/)”+1( x), subject to the
preservation of the boundary and continuity conditions

UA(-L) = 0 Yih(L) =0 (16)
VLA = UL Q=) = 0wl (D) (17)
Uih0) = Wia(0) Bl (0) = Dbl Eh (0) (18)
V) = B0 0 (1) = 00 5 0). (19)
Application of A leads to the forms
Uih(@) = Oy ALY sinfkn g (L +2)]
X {kny1 cotlkni1(L + )] — kg cot[ko(L + )]} (20)
wr(zz)l () = CT(LZ)1 Bfli)l sinh(k}, 1 2){K 41 — ko tanh[kg(z + 2Ry )] coth(k), @)}
o)
+ O L sinh (s 12)
Iin+1l
X {41 coth(ky, 112) — kg tanh[kg(z + 2]} (21)
wan( x) = CT(LRl BnJrl sinh(kp4+12){knt1 — ko tanh[ko(z — zg1)] coth(kp12)}
C(+)
+ C’f; "L sinh(kpp12)
n+1l
X {Knpt1 coth(kpp12) — Ko tanh[ko(x — 2r1)]} (22)
Uhm(@) = Cyph A sinlkna (L — )]
X {—knt1 cotlkni1 (L — x)] + ko cot[ko(L — z)]} (23)

where Cflz)Q, 07(12)17 Cé})l, C’ﬁ;{é denote some complex constants and equation (9)
has been used. Boundary conditions (16) are satisfied. It remains to impose the
continuity conditions (17) — (19).

Let us first match the regions L1 and R1 at z = 0. Since equation (8) implies
two constraints

) ta,l’lh(/iole) = _KS tanh(KSxEl)’ (24)
Fod1 =Kol = Ky — Ko = —2ig, (25)

the continuity conditions (18) yield the two relations which are mutually compatible
and lead to the condition - o

Crr1 = Chrt- (26)
Considering next the matching between R1 and R2 at x = [, we obtain from
equation (19) the two conditions

Cr(Jz)1{kn+1 cotlkn+1(L — D] + ko tanh[wo (Il — 2 r1)]}
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= CU{kni1 cotlkn i1 (L — 1)] — ko cotl[ko(L — 1)]} (27)

) (@LH — k2 + Ko tanh(ko (! — 21)|{knr1 cotlkn 1 (L — 0)]
+ ko tanh[ko (I — le)]}>
— Ol (1 = K4s = ko cotlha( = D] ks cotlinsa(L — 1)
— ko cotlko(L — 1)]}) (28)

after making use of equations of ref. [1] to eliminate Agjj_)l, B;J_T_)l and O Equa-

n+1-
tions (27) and (28) both yield the same result

Cht = Coi (29)
due to the two relations
ko tanh[rko (I — zg1)] = —ko cotlko(L —1)] (30)
and
“ZH —wp = ki — k727r‘rl (31)

deriving from (8).

Since a result similar to (29) applies at the interface between regions L2 and
L1, we conclude that the partner potential eigenfunctions are given by equations
(20) — (23) with

Criy=Cuth = Com = Cugy = O, (32)

Such eigenfunctions are P7-symmetric provided we choose C,(l_) imaginary:

Cor = o), (33)

3 Discontinuities in the partner potential V(7)(z)

In subsection 2.1, we have constructed the SUSY partner V(=) (z) of a piece-
wise potential with three discontinuities at x = —I, 0 and [. We may now ask the
following question: does the former have the same discontinuities as the latter or
could the discontinuity number decrease? We plan to prove here that the second
alternative can be ruled out.

For such a purpose, we will examine successively under which conditions V(-) (z)
could be continuous at x = [ or at x = 0 and we will show that such restrictions
would not be compatible with some relations deriving from our unbroken-SUSY
assumption. Observe that we do not have to study continuity at z = —I sepa-
rately, since V(=) (z) being PT-symmetric must be simultaneously continuous or
discontinuous at * = —/ and x = [.
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Let us start with the point 2 = [. Matching there VIE{)(x) and V}gg)(x), given
in equations (2) and (4), respectively, leads to the relation

—2k2 sech®[ko(l — zg1)] +ig = 2k3 csc?[ko(L — 1)]. (34)

On using (30) and some simple trigonometric identities, such a relation can be
transformed into k§ = —x3 + 3ig, which manifestly contradicts our definition of .
Hence continuity of V(=) (z) at « = [ is ruled out.

Consider next the point z = 0. On equating V]%I) (0) with VL(I) (0) and employing
(2) and (9), we obtain the condition

—2k2 sech? (kow p1) + ig = —2k5% sech? (kjah;) — ig. (35)
Equation (8) then yields the relation —k3 + %ig = —ky? — %ig7 which contradicts

the definition of x again. Continuity of V(=) (z) at = = 0 is therefore excluded too.

We conclude that under the simplest assumption of unbroken SUSY with a
factorization energy equal to the ground-state energy of H(*), the partner potential
V(=)(z) has the same three discontinuities at z = —I, 0 and [ as V() (z).

We also observe that the SUSY partners H*) may remain both non-Hermitian
and P7-symmetric. Charge operator C [6] may be constructed in the specific form
which differs from the unit operator mostly in a finite-dimensional subspace of the
Hilbert space [7]. This is one of the most important merits of all the square-well
models with L < oo. It seems to open a new inspiration for a direct physical
applicability of non-Hermitian models whenever their spectrum remains real.
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